Abstract. A permutation group is said to be quasiregular if every its transitive constituent is regular, and a quasiregular coherent configuration can be thought as a combinatorial analog of such a group: the transitive constituents are replaced by the homogeneous components. In this paper, we are interested in the question when the configuration is schurian, i.e., formed by the orbitals of a permutation group, or/and separable, i.e., uniquely determined by the intersection numbers. In these terms, an old result of Hanna Neumann is, in a sense, dual to the statement that the quasiregular coherent configurations with cyclic homogeneous components are schurian. In the present paper, we (a) establish the duality in a precise form and (b) generalize the latter result by proving that a quasiregular coherent configuration is schurian and separable if the groups associated with homogeneous components have distributive lattices of normal subgroups.
Introduction
A permutation group is said to be quasiregular if every its transitive constituent is regular [1, p. 53] . This concept has an obvious direct analog in the theory of "groups without groups": a coherent configuration is said to be quasiregular if each its homogeneous component is regular (for exact definitions concerning coherent configurations, see Section 2). In fact, there is a one-to-one correspondence between the regular groups (which are exactly transitive quasiregular groups) and regular coherent configurations [11] . However, no such a correspondence exists for intransitive quasiregular groups: the reason is that not every quasiregular coherent configuration is schurian, i.e., formed by the orbitals of a permutation group. The first example of a non-schurian quasiregular coherent configuration was constructed by Sergei Evdokimov in the end of 1990s (but was never published). One of motivations for the present paper is to find conditions for a quasiregular coherent configuration to be schurian.
Another motivation comes from an old paper of Hanna Neumann [10] , 1 where she studied the amalgams of finite cyclic groups. Roughly speaking, the question The work of the third author was supported by the RAS Program of Fundamental Research "Modern Problems of Theoretical Mathematics". 1 The third author is expressed gratitude to Mikhail Muzychuk, who drew his attention to paper [10] .
is whether a family G of groups with prescribed pairwise intersections admits an amalgam, i.e., can be isomorphically embedded to a certain group. The main result of [10] states that if G consists of finite cyclic groups, then this is true if some natural necessary conditions concerning the pairwise intersections are satisfied. These conditions have sense not only for cyclic groups and for any family G satisfying these conditions, we use term amalgam configuration based on G (the exact definition is given in Section 3). Not every amalgam configuration based on a family G of abelian groups admits an amalgam. A reason for this is revealed in the theorem below establishing a close relationship between the amalgam configurations based on G and quasiregular coherent configuration of type G, i.e., those the homogeneous components of which are exactly the groups from G. Theorem 1.1. Let G be a family of finite abelian groups. Then the quasiregular coherent configurations of type G are in one-to-one correspondence with the amalgam configurations based on G. Moreover, a coherent configuration of type G is schurian if and only if the corresponding amalgam configuration admits an amalgam.
The proof of Theorem 1.1 is presented in Section 5 and uses a quite general concept of a system of linked sections based on a family G of groups (see Section 3). The special cases of this concept are the amalgam configurations and quasiregular coherent configurations; the fact that the latter are in one-to-one correspondence with the systems of linked quotients is proved in Section 4. The main idea of the whole proof is to show that if the family G consists of abelian groups, then these two special cases are dual each to other in the sense of the duality theory of abelian groups.
From Theorem 1.1, it immediately follows that the above mentioned result of Hanna Neumann is equivalent to the fact that any quasiregular coherent configuration such that all its homogeneous components are cyclic, is schurian. Since the subgroup lattice of a cyclic group is distributive, Theorem 1.2 below generalizes the latter statement to a broader class of groups containing all cyclic groups. Before we state this result in a precise form, we discuss one more concept making this theorem even more stronger.
Let K ≤ Sym(Ω), and let X be the coherent configuration formed by the orbitals of K. A natural invariant of X and hence of K is given by the tensor of intersection numbers: they can be thought as the structure constants of the the centralizer algebra of K with respect to the linear basis formed by the adjacency matrices of the orbitals of K. The question going back to D. Higman [7] is when this tensor determines the group K up to permutation isomorphism. In the language of the coherent configurations, the positive answer exactly means that X is separable. Now, we are ready to state the second main result of the present paper. Theorem 1.2. Let G be a family of groups with distributive lattices of normal subgroups. Then any quasiregular coherent configuration of type G is schurian and separable.
We deduce this result from Theorem 6.2 proved in Section 6 for even more broader class of coherent configurations. The idea of the proof is close to that used in P. H. Zieschang's paper [12] , where the schurity part of Theorem 1.2 was proved for a class of homogeneous coherent configurations. Note that these configurations are nothing else than homogeneous algebraic fusions of quasiregular coherent configuration of type G satisfying the condition of Theorem 1.2 and such that all the groups in G are isomorphic.
In Section 7, we study the schurity and separability of all quasiregular coherent configurations with small number of homogeneous components. The main result here is presented by the following theorem. Theorem 1.3. A quasiregular coherent configuration with at most three homogeneous components is schurian and separable.
In the case of commutative homogeneous components, the schurity part of Theorem 1.3 was proved in [6] 2 . In Section 7, we also construct an infinite family of non-schurian quasiregular coherent configurations with four commutative homogeneous components. The question of separability of these coherent configurations remains open.
The class of meta-thin association schemes was introduced and studied by the first author in [8] . From [4, Theorem 2.1], it follows that any such scheme is an algebraic fusion of a quasiregular coherent configuration with isomorphic homogeneous components. The number of them equals the index of the thin residue of the original association scheme. Thus, as a corollary of Theorem 1.3 we obtain the following statement also proved in Section 7. Corollary 1.4. Any meta-thin scheme with thin residue of index at most three is schurian and separable.
Notation.
Throughout the paper, Ω denotes a finite set. The diagonal of the Cartesian product Ω × Ω is denoted by 1 Ω . For a relation r ⊆ Ω × Ω, we set r * = {(β, α) : (α, β) ∈ r} and αr = {β ∈ Ω : (α, β) ∈ r} for all α ∈ Ω.
For a relation r ⊆ Ω × Ω and sets ∆, Γ ⊆ Ω, we set s ∆,Γ = s ∩ (∆ × Γ). If S is a set of relations, we put S ∆,Γ = {s ∆,Γ : s ∈ S} and denote S ∆,∆ by S ∆ .
For relations r, s ⊆ Ω × Ω, we set r · s = {(α, β) : (α, γ) ∈ r, (γ, β) ∈ s for some γ ∈ Ω}. If S and T are sets of relations, we set S · T = {s · t : s ∈ S, t ∈ T }.
For a set S of relations on Ω, we denote by S ∪ the set of all unions of the elements of S, and put S * = {s * : s ∈ S} and αS = ∪ s∈S αs, where α ∈ Ω.
Coherent configurations
In our presentation of coherent configurations, we follow papers [9, 3] and monograph [11] . All the facts we use, can be found in these sources and references therein.
2.1. Definitions. A pair X = (Ω, S), where Ω is a finite set and S is a partition of Ω × Ω, is called a coherent configuration on Ω if 1 Ω ∈ S ∪ , S * = S, and if given r, s, t ∈ S, the number c t rs = |αr ∩ βs * | 2 Theorem 5.6 in [6] states that any quasiregular coherent configuration with commutative homogeneous components is separable. However, this is not true: an infinite family of counterexamples was constructed in [2, Section 5].
does not depend on a choice of (α, β) ∈ t. The elements of Ω, S, S ∪ , and the numbers c t rs are called the points, basis relations, relations and intersection numbers of X , respectively. The numbers |Ω| and |S| are called the degree and the rank of X . A unique basic relation containing a pair (α, β) ∈ Ω×Ω is denoted by r(α, β). Since the mapping r : Ω × Ω → S depends only on X , it should be denoted by r X , but we usually omit the subindex if this does not lead to confusion.
The set S ∪ contains the relation r · s for all r, s ∈ S ∪ . It follows that this relation is the union (possibly empty) of basis relations of X ; the set of these relations is called the complex product of r and s and denoted by rs. Thus
In what follows, for any X, Y ⊆ S, we denote by XY the union of all sets rs with r ∈ X and s ∈ Y . Obviously, (XY )Z = X(Y Z) for all X, Y, Z ⊆ S. A nonempty subset X of S is said to be closed if XX * ⊆ X.
Fibers and homogeneity.
A set ∆ ⊆ Ω is called a fiber of the coherent configuration X if 1 ∆ ∈ S; the set of all fibers is denoted by F = F (X ). The point set Ω is a disjoint union of fibers. If ∆ is a union of fibers, then the pair
is a coherent configuration, called the restriction of X to ∆; it is called a homogeneous component of X if ∆ ∈ F . The coherent configuration is said to be homogeneous or association scheme or scheme if it has exactly one homogeneous component, or equivalently if 1 Ω ∈ S.
For any basic relation s ∈ S, there exist uniquely determined fibers ∆, Γ such that s ⊆ ∆ × Γ; in particular, the union
is disjoint. The number |δs| with δ ∈ ∆, equals the intersection number c 1∆ ss * , and hence does not depend on the choice of the point δ. It is called the valency of s and denoted by n s . For each fiber ∆ and s ∈ S ∆ we have n s = n s * .
2.3.
Isomorphisms and schurity. Two coherent configurations are called isomorphic if there exists a bijection between their point sets that induces the bijection between their sets of basis relations. Each such bijection is called an isomorphism between these two configurations. The group of all isomorphisms of a coherent configuration X = (Ω, S) to itself contains a normal subgroup
called the automorphism group of X , where
Conversely, let K ≤ Sym(Ω) be a permutation group, and let S = Orb(K, Ω 2 ). Then, X = (Ω, S) is a coherent configuration; we say that X is associated with K. A coherent configuration on Ω is said to be schurian if it is associated with some permutation group on Ω. A coherent configuration X is schurian if and only if it is associated with the group Aut(X ).
2.4.
Algebraic isomorphisms and separability. Let X = (Ω, S) and
In this case, X and X ′ are said to be algebraically isomorphic. Each isomorphism f from X onto X ′ induces an algebraic isomorphism ϕ f : r → r f between these configurations. The set of all isomorphisms inducing the algebraic isomorphism ϕ is denoted by Iso(X , X ′ , ϕ). In particular,
where id S is the identity mapping on S. A coherent configuration X is said to be separable if for any algebraic isomorphism ϕ : S → S ′ , the set Iso(X , X ′ , ϕ) is not empty.
The algebraic isomorphism ϕ induces a bijection from
This bijection is also denoted by ϕ. One can see that ϕ preserves the reflexive basis relations on all fibers. This extends ϕ to a bijection
2.5. Faithful maps. Let X = (Ω, S) and X ′ = (Ω ′ , S ′ ) be coherent configurations, and let ϕ : S → S ′ be an algebraic isomorphism. A bijection f from a subset of Ω to a subset of Ω ′ is said to be ϕ-faithful if
where Dom(f ) is the domain of f . Note that if this domain is a singleton {α} and ∆ is the fiber of X containing α, then the fiber of X ′ containing α f is equal to ∆ ϕ . Clearly, if f is a ϕ-faithful map, then the restriction of f to any subset of Dom(f ) is also ϕ-faithful.
A ϕ-faithful map f is said to be ϕ-extendable to a point γ ∈ Ω if there exists a ϕ-faithful map with domain Dom(f ) ∪ {γ}, or, equivalently, if
A ϕ-faithful map which is ϕ-extendable to every point of Ω, is said to be ϕ-extendable. From the definitions of coherent configurations and algebraic isomorphisms, it follows that every ϕ-faithful map f with | Dom(f )| ≤ 2 is ϕ-extendable. In these terms, one can give a sufficient condition for schurity and separability of a coherent configuration.
X is separable if for every algebraic isomorphism ϕ from X onto another coherent configuration, each ϕ-faithful map is ϕ-extendable.
Proof. Let ϕ : X → X ′ be an algebraic isomorphism. Assume that each ϕ-faithful map is ϕ-extendable. Then for any pairs (α, β) ∈ Ω × Ω and (
there exists an isomorphism f ∈ Iso(X , X ′ , ϕ) taking α to α ′ , and β to β ′ . Now if X = X ′ and ϕ is the identity algebraic isomorphism, then f ∈ Aut(X ) and the coherent configuration X is schurian. This proves statement (1). Also, if ϕ runs over all algebraic isomorphisms from X , then X is separable, which proves statement (2).
Corollary 2.2. Let X be a coherent configuration. Suppose that for every algebraic isomorphism ϕ onto another coherent configuration, each ϕ-faithful map is ϕ-extendable. Then X is schurian and separable.
Quasiregular coherent configurations.
A relation s ⊆ Ω × Ω is said to be thin if |αs| ≤ 1 and |βs * | ≤ 1 for all α, β ∈ Ω, or equivalently, s is a bijection from Dom(s) onto Dom(s * ). In the latter sense, s * is the bijection inverse to s. One can easily see that if X = (Ω, S) is a coherent configuration and s ∈ S, then n s = n s * = 1 and s · r, r · s ∈ S for all r ∈ S unless s · r or s · r are empty. Lemma 2.3. Let X = (Ω, S) be a coherent configuration and s ∈ S. Assume that the set ss * consists of thin relations. Then ss * s = {s}.
Proof. Let t ∈ ss * . Then t is a thin relation by the assumption and hence ts is a singleton. Since also s ∈ ts, it follows that ts = {s}. This is true for all t ∈ ss * and hence ss * s ⊆ {s}. However, 1 ∆ ∈ ss * , where ∆ is a unique fiber of X such that s ⊆ ∆ × Ω. Thus, s = 1 ∆ · s ∈ ss * s and so ss * s = {s}.
A coherent configuration X is said to be semiregular if every its basis relation is thin. If, in addition, it is homogeneous, then we say that X is a regular scheme (or thin scheme in the terminology of [12] ). Finally, X is said to be quasiregular if each homogeneous component of X is regular. Note that if K is a permutation group and X is the coherent configuration associated with K, then X is semiregular (respectively, regular, quasiregular) if and only if the group K is semiregular (respectively, regular, quasiregular). It should also be noted that the basis relations of a regular scheme form a group with respect to the product · of relations.
Systems of linked sections
In this section, we introduce an auxiliary structure, which enables us to deal with quasiregular coherent configurations and generalized free products in a uniform way. To do this, we define the intersection of two sections S = U/L and
Note that the intersection is nonempty if
in this case, we use notation S ≺ S ′ . Clearly, the nonempty intersection S ∩ S ′ is a subsection of both S and S ′ .
Let I be a finite set, and let (F1) G be a family of finite groups G i with identity e i , (F2) S be a family of sections S ij of G i , where
F be a family of isomorphisms f ij ∈ Iso(S ij , S ji ), where f ii = f ij f ji = id, where the indices i and j run over I. We assume that
This enables us to define the section S ijk = S ij ∩ S ik of the group G i ; it is easily seen that S ijk = S ikj for all i, j, k, and S ijk = S ij whenever k = i or k = j. The isomorphism f ik takes the subsections of S ik to those of S ki , and also preserves the partial order ≺. Therefore, f ik (S ijk ) ≺ f ik (S ik ) = S ki . We assume that
Thus, the isomorphism f ik induces an isomorphism from S ijk onto S kij ; we denote it by f ijk .
Definition 3.1. The triple (G, S, F) defined by (F1), (F2), and (F3) is called a system of linked sections (based on G) if, in addition to conditions (4) and (5),
The two special cases we are interested in are the systems of linked quotients and linked subgroups. In the former case, S ij = G i /L ij for all i, j; in particular, L ij is a normal subgroup of G i . In the latter case S ij = U ij /e i for all i, j; in this case, S ij is identified with a subgroup of G ij . As we will see in Section 4, a systems of linked quotients is nothing else than a quasiregular coherent configuration.
Let (G, S, F) be a system of linked subgroups. In this case, S ij is identified with a subgroup U ij of the group G i , and also U i := U ii is equal to G i , i, j ∈ I. Assume that all the groups U i are abelian. Then the direct product
is also abelian, and coincides with the free product of the groups U i . It contains a subgroup
where f ij : U ij → U ji is the isomorphism in (F3). Let
be the canonical epimorphism. In this notation, the group π(U ) is called the generalized free product of the groups U i with amalgamated subgroups U ij if
see paper [10, p. 672] . It was remarked there that formulas (6) form a necessary condition for existence of the generalized free product of the groups A i with amalgamated subgroups A ij . In this sense, the system (G, S, F) of linked subgroups will also be called an amalgam configuration (based on G), and we say that it admits an amalgam if the generalized free product of the groups U i with amalgamated subgroups U ij does exists, i.e., condition (7) is satisfied.
Duality for systems of linked sections. The aim of this part is to define a dual of a system of linked sections based on a family of abelian groups. To this end, we recall some standard facts from the duality theory for abelian groups and fix notations.
For an abelian group G, we denote by G its dual group, i.e. the group of complexvalued characters of G with respect to componentwise multiplication. There is a canonical mapping from the subgroup lattice of G to that of G, taking a group H ≤ G to the group
which is isomorphic to the dual group of G/H. Identifying the group G with the dual group of G, we have (H ⊥ ) ⊥ = H. The mapping ⊥ is an anti-isomorphism of the subgroup lattices. Namely, for all subgroups L and U of the group G,
We extend the mapping ⊥ to the sections of
Clearly, this group is canonically isomorphic to the dual group of U/L. It is a routine to check that for any two sections S and T of the group G, we have S∩T = ∅ if and only if S ⊥ ∩ T ⊥ = ∅, and in this case
Now let U and L be arbitrary subgroups of the group G, and let π : U → L a group homomorphism. Then one can define the mapping π ⊥ :
One can see that the mapping π → π ⊥ is a group isomorphism from Hom(U, L) onto Hom(L ⊥ , U ⊥ ) that preserves isomorphisms. It is routine to define the isomorphism π ⊥ : T ⊥ → S ⊥ for any isomorphism π : S → T , where S and T are the sections of G.
Let (G, S, F) be a system of linked sections such that the family G consists of abelian groups. Denote by A the group dual to the group G = i∈I G i . Then using formulas (9), one can see that A is the direct product of the groups
where G i ′ is the direct product of the G j with j = i. Assume that
where U ij and L ij are subgroups of G i ≤ G, and also L ij ≤ U ij . Then by formulas (9), the group
) is a section of the group A i for all i, j ∈ I. By condition (4), the intersection S ijk = S ij ∩ S ik is not empty. Therefore
⊥ is also not empty for all i, j, k. By condition (5), the isomorphism f ij takes U ijk and L ijk to, respectively, U kij and L kij . It induces an isomorphism
Set g ik = f ⊥ ki for all i, k ∈ I. Then g ik (A ijk ) = A kij and g ijk g kij g jki = id for all i, j, k ∈ I. Thus, the triple
where G ⊥ = {A i } i∈I , S ⊥ = {A ij } i,j∈I , and F ⊥ = {g ij } i,j∈I , satisfies conditions (4), (5) and (6) . This proves the first part of the following statement (the second part follows by duality). Note that if (G, S, F) is a system of linked quotients (respectively, subgroups), then (G, S, F)
⊥ is a system of linked subgroups (respectively, quotients). This fact together with Lemma 3.2 immediately imply the following statement. 
Quasiregular coherent configurations as systems of linked quotients
Throughout this section, X = (Ω, S) is a quasiregular coherent configuration with fibers Ω 1 , . . . , Ω m , m ≥ 1, and I = {1, . . . , m}. For each i ∈ I, the ith homogeneous component X i of X is a (regular) scheme the basis relations of which form a group G i , and we say that X is of type G = {G i } i∈I . Note that any quasiregular coherent configuration is of type G for suitable family of groups G i ∈ G. The aim of this section is to prove that a quasiregular coherent configuration of type G is nothing else than a system of linked quotients based on G.
In what follows, we set S ij := S Ωi,Ωj ; in particular, S ii = G i . Note that here, S ij is a subset of S and not a section of a group as in Section 3. Since any relations from G i and G j are thin, we have
This implies that the mappings π ij : G i → Sym(S ij ) and ρ ij : G j → Sym(S ij ) given by the formulas x πij (s) = s * x, x ∈ S ij , and x ρij (s) = xs, x ∈ S ij , are group homomorphisms.
Lemma 4.1. In the above notation, for all i, j ∈ I, (1) im(π ij ) and im(ρ ij ) are regular groups centralizing each other, (2) ker(π ij ) = xx * for all x ∈ S ij , and ker(ρ ij ) = x * x for all x ∈ S ji .
Proof. Let x, y ∈ S ij . Then any basis relations s i ∈ xy * and s j ∈ x * y belong to G i and G j , respectively. Therefore they are thin and hence
This proves that im(π ij ) and im(ρ ij ) are transitive groups. Obviously each of them centralizes the other. Next assume that s * i x = x for some x ∈ S ij . Since the group im(ρ j ) is transitive, any y ∈ S ij is of the form xs j for a suitable s j . Therefore, s * i y = s * i xs j = xs j = y. Thus, the group im(π ij ) is regular. Similarly, one can prove that the group im(ρ ij ) is also regular. This proves statement (1) . Now by the regularity, s ∈ ker(π ij ) if and only if s * x = x for some (and hence for all) x ∈ S ij if and only if s ∈ xx * . Similarly, s ∈ ker(ρ ij ) if and only if s ∈ x * x for some (and hence for all) x ∈ S ij .
In what follows, we set
From statement (1) of Lemma 4.1, it follows that the groups G i /G ij and G j /G ji are the left and right representations of the same group. In particular, these groups are isomorphic. To write an explicit isomorphism, choose arbitrarily points α i ∈ Ω i , i ∈ I, and set s ij := r(α i , α j ), i, j ∈ I.
Lemma 4.2. For all i, j ∈ I, the mapping
Proof. To prove that f ij is well-defined, denote s ij by x. Then s i x = xs j for some s j ∈ G j and G ij = xx * by statements (1) and (2) of Lemma 4.1, respectively. Thus, by Lemma 2.3, we have
which shows that f ij is well-defined. It is a homomorphism, because for any ele-
Assume that f ij (G ij s i ) = G ji . Then formula (14) shows that s j ∈ G ji , and hence s i x = xs j ∈ xx * x = x. It follows that s * i ∈ G ij , and therefore s i ∈ G ij , which means that the homomorphism f ij is one-to-one. Formula (14) also shows that it is an epimorphism, because for every s j ∈ G j , there exists s i ∈ G i such that s i x = xs j (statement (1) of Lemma 4.1). Thus, f ij is an isomorphism. Since also
we conclude that f ij f ji is the identity map.
At this point, starting with the quasiregular coherent configuration X with fibers indexed by the set I, we have constructed a triple
Lemma 4.3. The triple T is a system of linked quotients.
Proof. To verify condition (5), let i, j, k ∈ I. From the definition of s ij , it follows that s jk ∈ s ji s ik . This implies that
This enables us to define the induced (by f ij ) isomorphism
It remains to verify condition (6), or, equivalently, that the composite f kij f jki f ijk is the identity map. To this end, let x ∈ G ii . Then
Note that 1 Ωi ∈ s ij s jk s ki ∩ s ik s kj s ji by the definition of the relations s ij . Therefore the left-hand side of the above equality equals the coset of G ij G ik that contains x, and the right-hand side must be one coset, i.e., the coset (G ij G ik x), as required.
Let us show that every system of linked quotients based on a family G of groups G i , i ∈ I, is of the form T (X ) for some quasiregular coherent configuration X of type G. To this end, assume that I is a finite set and
is a system of linked quotients. Denote by Ω the disjoint union of all the G i . For each i ∈ I and each x ∈ G i , we define a binary relation s x on the set Ω i = G i as the graph of the left multiplication by x,
Lemma 4.4. Given indices i, j ∈ I, the set Ω i × Ω i is partitioned into the relations s x · s ij , x ∈ G i , where
Proof. We have to verify that if x, y ∈ G i , then the relations s x · s ij and s y · s ij are disjoint or coincide. To this end, we note that
Now if the relations s x · s ij and s y · s ij are intersected, say in a pair (α, β), then this implies that β belongs to the intersection of two right cosets f ij (G ij x −1 α) and f ij (G ij (y −1 α) of the same group G ji ≤ G j . It follows that G ij x −1 = G ij y −1 and hence x = yz for some z ∈ G ij . Since z · s ij = s ij , we conclude that
Denote by S the union of the sets S ij = {s x s ij | x ∈ G i } over all i, j ∈ I.
Lemma 4.5. The pair X = (Ω, S) is a quasiregular coherent configuration such that T (X ) = (G, S, F).
Proof. We have already proved that S is a partition of Ω × Ω. It is easily verified that 1 Ω is a disjoint union of s ei with i ∈ I, where e i is the identity of G i . Next, let i, j ∈ I. By the definition of s ij , we have
and, hence s * ij ⊆ s ji . Since i and j were taken arbitrarily, it follows that s * ji ⊆ s ij and hence s ji ⊆ s * ij . Thus, s * ij = s ji and so S * = S.
We claim that s ij s jk equals the union of all sets s x s ik with x ∈ G ij . To this end, let (α, γ) ∈ s ij s jk . Then there exists β ∈ G j such that (α, β) ∈ s ij and (β, γ) ∈ s jk . In particular, we have β ∈ f ij (G ij α) and γ ∈ f jk (G jk β) . Since
This implies that (αx, γ) ∈ s ik for some x ∈ G ij , and hence,
which completes the proof of the claim.
It is easily verified that for each x ∈ G i , there exists y ∈ G j such that s x s ij = s ji s y . Furthermore, from the claim it follows that s ij · s jk is invariant with respect to the left multiplication by s z with z ∈ G ij G ik . Therefore the product of the adjacency matrices of s x s ij and s jk s y is a scalar multiple of the adjacency matrix of s ij · s jk . This proves the existence of the intersection numbers for the partition S. Thus, X is a coherent configuration. The second statement of the lemma is straightforward. Corollary 4.6. Let X be a quasiregular coherent configuration of type G = {G i } i∈I . Then there exist groups G ij G i , i, j ∈ I, such that any basis relation s ∈ S ij is of the form
for a suitable x s ∈ G i .
From Lemmas 4.3 and 4.5, we immediately get the main result of this section.
Theorem 4.7. Let G be a family of finite groups. Then the mapping X → T (X ) gives a one-to-one correspondence between the quasiregular coherent configurations of type G and the systems of linked quotients based on G.
As an example, let us consider a special case when all the groups of the family G are simple. Then for all i, j ∈ I, the group G ij being a normal subgroup of G i is either G i itself or 1. Moreover, if G ij = G jk = 1 for some k ∈ I, then obviously G ik = 1. This implies that the relation on I, defined by
is an equivalence relation, and if i ∼ j, then the groups G i and G j are isomorphic and |S ij | = |S ji | = |G i | = |G j |. Therefore, if J is a class of ∼ and Ω J is the union of all Ω i with i ∈ J, then the coherent configuration X (J) = (Ω J , S J ) is semiregular, where S J is the union of all S ij with i, j ∈ J. On the other hand,
Therefore, the coherent configuration X is the direct sum of the coherent configurations X (J) , where J runs over the classes of the equivalence relation ∼. According to [3, Theorem 3.3] each of these coherent configuration is schurian and separable. Since the direct sum of schurian (respectively, separable) coherent configurations is also schurian (respectively, separable) [3, Theorem 7.5] , this proves the following statement.
Theorem 4.8. Let G be a family of finite simple groups. Then any quasiregular coherent configuration X of type G is the direct sum of semiregular coherent configurations. In particular, X is schurian and separable.
Proof of Theorem 1.1
Let G = {G i } i∈I , where G i is an abelian group and I is a finite set. Then by Theorem 4.7 and Corollary 3.3, the mapping
X → T (X )
⊥ defines a one-to-one correspondence between the quasiregular coherent configurations of type G and the amalgam configurations based on G. This proves the first part of the theorem.
To prove the second part, let X = (Ω, S) be a quasiregular coherent configuration of type G, and let T = T (X ) be the associated system of linked quotients defined by (15). Define the group G = i∈I G i considered as a permutation group on Ω such that αs = {α s } for all α ∈ Ω i , s ∈ G i , and i ∈ I. In what follows, for each i ∈ I we denote by G i ′ the direct product of the groups G j with j = i.
Lemma 5.1. The coherent configuration X is schurian if and only if there exists a group H ≤ G such that for all i, j ∈ I,
Proof. From Lemma 4.4, it follows that the condition given in the lemma is equivalent to the fact that Orb(H, Ω i × Ω j ) = S ij . Since the latter is true for all i, j ∈ I if and only if X is schurian, we are done.
To complete the proof, we verify that if X is schurian, then the amalgam configuration T ⊥ admits an amalgam (the converse statement can be proved in a similar way). To this end, assume that X is schurian. Then condition (16) is satisfied for some group H ≤ Sym(Ω); we take H = Aut(X ). In what follows, assume that T ⊥ is the amalgam configuration as in formula (13).
Let i, j ∈ I. If i = j, then condition (16) implies that H Ωi = G i , or equivalently, that HG i ′ = G. Passing to the dual subgroups, we get from this and the first equality in (9) that A i ∩ H ⊥ = 1 for all i ∈ I. Therefore if π : A → A/H ⊥ is the canonical homomorphism, then
Now assume that i and j are not necessarily equal. From condition (16), it follows that the group H Ωi∪Ωj contains a subgroup G ij × G ji . It follows that
Note that in formula (12) written for the amalgam configuration T ⊥ , we should have
It follows that passing to the dual subgroups in the left-and right-hand sides of the above equality, we have
for all i, j ∈ I. Formulas (17) and (18) imply condition (7) in the definition of generalized free product of the groups A i with amalgamated subgroups A ij . Thus, it remains to verify that the kernel H ⊥ of the homomorphism π is generated by the elements x −1 g ij (x), where x ∈ A ij and i, j ∈ I. To this end, we note that that formula (16) shows that
where
However, using the definitions of the operator ⊥ and isomorphism g ij , one can easily check that the group M ⊥ ij consists of all elements a −1 g ij (a) with a ∈ A i . Taking into account that
, we arrive to the required statement on the group H ⊥ = Aut(X ) ⊥ .
Proof of Theorem 1.2
In this section, we deduce Theorem 1.2 from a quite general result establishing schurity and separability for a large class of coherent configurations properly containing the class studied in [12] . Namely, let X = (Ω, S) be a coset 4 coherent configuration, i.e., the following condition holds:
From Lemma 2.3, it follows that every quasiregular coherent configuration is a coset one. We say that a coset coherent configuration X satisfies a distributivity condition if
where F = F (X ) and L(∆) is the set of all intersections of closed subsets ss * with s ∈ S ∆,Γ and Γ ∈ F . This condition obviously holds for any quasiregular coherent configuration whose homogeneous components correspond the groups with distributive lattice of normal subgroups.
Lemma 6.1. Let X be a coset coherent configuration satisfying the distributivity condition, and let ϕ be an algebraic isomorphism from X to a coherent configuration X ′ . Then
(1) X ′ is a coset coherent configuration satisfying the distributivity condition, (2) each ϕ-faithful map is ϕ-extendable.
By the above remarks, Theorem 1.2 immediately follows from the theorem below, which is a straightforward consequence of Lemma 2.1 and 6.1. Theorem 6.2. Any coset coherent configuration satisfying the distributivity condition is schurian and separable.
Quasiregular coherent configurations with at most four fibers
Throughout this section, X = (Ω, S) is a quasiregular coherent configuration with fibers Ω i and S ij = S Ωi,Ωj , i, j ∈ I. First, we consider the case when |I| ≤ 3.
Proof of Theorem 1.3. Let X ′ = (Ω ′ , S ′ ) be a coherent configuration, and let
be an algebraic isomorphism. It induces a bijection Ω i → Ω ′ i ′ between the fibers of X and X ′ , and an algebraic isomorphism from
In particular, the coherent configuration X ′ is also quasiregular.
For each i ∈ I, we choose an arbitrary point α i ∈ Ω i , and set
Then obviously s ij ∈ s ik s kj , and hence s
Furthermore, taking into account that the the coherent configurations X and X ′ are quasiregular, we conclude that 
where s ∈ S ii , is a bijection. We claim that it is a combinatorial isomorphism from X onto X ′ . Indeed, if α, β ∈ Ω, then in view of (23) there exist s ∈ S ii and t ∈ S jj such that α = α i s and β = α j t. We have
Therefore the algebraic isomorphism ϕ is induced by the combinatorial isomorphism f . Thus, the coherent configurations X is separable.
To prove the schurity of X , let r(α, β) = r(α ′ , β ′ ), where α ′ , β ′ ∈ Ω. Assume first that α ∈ Ω i and β ∈ Ω j with i = j. Then (α, β) f = (α ′ , β ′ ), where f is the isomorphism defined by (24) for ϕ = id S , (α i , α j ) = (α, β), and (α ′ i , α ′ j ) = (α ′ , β ′ ). It follows that for the group K generated by these isomorphisms f with all possible (α, β) and (α ′ , β ′ ), we have Orb(K, Ω i × Ω j ) = S ij for all distinct i and j. It immediately implies that if |I| = 1, then K acts transitively on each Ω i , and hence X is schurian. Since the schurity of X for |I| = 1 is obvious, we are done.
Proof of Corollary 1.4. Let X be a meta-thin scheme with thin residue of index at most 3. Denote by Y the thin residue extension of X in the sense of [9, Sec. 2.4] . Then Y is a quasiregular coherent configuration with at most 3 fibers (which are geometric cosets of the thin residue). By Theorem 1.3, it is schurian and separable. According to statement (3) in [9, Theorem 3.3] , this shows that X is schurian and separable.
In the rest of the section, we construct a huge class of non-schurian quasiregular coherent configurations with exactly four fibers. To this end, let G = C p × C p , where p is a prime, and let G = {G i } i∈I , where I = {1, 2, 3, 4} and G i = G for all i ∈ I. Choose a family G of groups G ij ≤ G i , i, j ∈ I, such that (25)
Then the factor groups G i /G ij and G j /G ji are isomorphic for all i, j. Therefore, one can choose a family F of isomorphisms f ij : G i /G ij → G j /G ji , i, j ∈ I, such that (26) f ii = id G and f ij = (f ji ) −1 .
Assume, in addition, that (27) G ij = G ik for all i, j, k ∈ I, j = k.
In this case if the indices i, j, k ∈ I are distinct then each of the sections S ijk = G i /G ij G ik and S kij = G k /G ki G kj is trivial and hence formulas (5) and (6) hold. The same is obviously true if some of i, j, k are equal. Therefore the triple T (G, F) = (G, S, F), where S = {G i /G ij } i,j∈I is a system of linked quotients. Denote by X (G, F) the quasiregular coherent configuration associated with the triple T (G, F).
Let us study the schurity question for a coherent configuration X = X (G, F) for suitable families G and F. Let a, i, j be distinct elements of I. Then condition (27) implies that G ia = G ij and G ja = G ji and hence
It follows that the isomorphism f ija : G i /G ij → G j /G ji induces a unique isomorphism σ ija : G ia → G ja such that (28) (xG ij ) fij = x σija G ji , x ∈ G ia .
Assume that the coherent configuration X is schurian. For each i ∈ I, choose a point α i ∈ Ω i . Denote by k the index other than a, i, j, i.e., {a, i, j, k} = {1, 2, 3, 4}. Then the sets Ω ia = α i G ia , Ω ja = α j G ja , Ω ka = α k G ka are the neighborhoods of a point α a in suitable basis relations of X (see Lemma 4.4) . It follows that these sets are orbits of the group Aut(X ) α for any α ∈ Ω a . Moreover, for any two distinct indices u, v ∈ {i, j, k}, we have |r ∩ (Ω ua × Ω va )| = p for all r ∈ S uv , i.e., the relation r uv = r ∩ (Ω ua × Ω va ) is a matching. Note that r uv s vw ∈ S uw for all r ∈ S uv and s ∈ S vw , where w is the element of {i, j, k} other than u and v. This immediately implies that (29) σ ija σ jka σ kia = id Gi .
This proves the following statement.
Proposition 7.1. In the above notation, the coherent configuration X is schurian only if formula (29) holds true for all i, j, k, a such that {i, j, k, a} = {1, 2, 3, 4}.
